Abstract. The rainbow number rb(G, H) for the graph H in G is defined to be the minimum integer k such that any k-edge-coloring of G contains a rainbow H. As one of the most important structures in graphs, the rainbow number of matchings has drawn much attention and has been extensively studied. In this paper, we determine the rainbow number of some small matchings in Halin graphs.
Introduction
An edge-colored graph is called a rainbow graph if the colors on its edges are distinct. The anti-Ramsey number AR(G, H) is defined to be the maximum number of colors in an edge coloring of G without any rainbow H. The anti-Ramsey number was introduced by Erdős et al. [2] in 1973 and and always, the anti-Ramsey number plus is called the rainbow number of a Proof. First we prove the upper bound of the edge of HL n . HL n is formed by embedding a tree T having no degree-2 vertices in the plane and connecting its leaves by a cycle C that crosses none of its edges. Since HL n has n vertices, we get |E(T )| ≤ n − 1. Since there are at most only n − 1 leaves in T , we get |E(C)| ≤ n − 1. So |E(HL n )| ≤ 2n − 2.
Next we will prove the lower bound of the edge of HL n . Since δ (HL n ) ≥ 3, we get ∑
3n for all v ∈ HL n . According to the lemma , we can get |E(HL n )| ≥ Theorem 2.8. For all n ≥ 6, rb(M n , 3K 2 ) = n + 1.
Proof. We have proved the lower bound in the previous section and here we only consider the upper bound case. Let HL n be a Halin graph with n vertices. Let c be a (n + 1)-edge-coloring of HL n . Clearly, HL n contains a rainbow 2K 2 . Suppose that HL n does not contain any rainbow 3K 2 . Now let G ⊂ HL n be a rainbow spanning subgraph of size n + 1 which contains a 2K 2 .
Since the size of the maximum matching of G is 2, by Lemma , there exists a subset S ⊂ V (G) such that o(G − S) − |S| = n − 4. Let |S| = s, o(G − S) = q and denote the odd components
Since q = s + n − 4 and s + q ≤ n, then 0 ≤ s ≤ 2. We distinguish the following three cases to finish the proof of the theorem.
In this case, q = n − 4. If a 1 ≤ 3, then |E(G)| ≤ 6 < n + 1, a contradiction. Then a 1 = 5 and
When n = 7, suppose that |E(G)| ≥ 8, we get G[V (A 1 )] ∼ = W 4 . Then, there are one non-leaf vertex and four leaf vertices in V (A 1 ). This four leaf vertices will form a cycle. For n ≥ 6, the remaining vertices in the graph HL n can only be connected with the non-leaf vertices in A 1 .
This contradicts that δ (HL n ) ≥ 3. Then |E(G)| < 8 = n + 1, a contradiction. So n = 6.
Since HL n is a connected plane graph, there must be an edge between V (A 1 ) \V (C 4 ) and V (A 2 ) in graph HL n . By lemma , we get HL n contains a rainbow 3K 2 , a contradiction.
Then |E(G)| < 7 = n + 1, a contradiction.
Since A 1 is factor-critical, A 1 ∼ = C 3 . Then, there is only one non-leaf vertex in V (A 1 ). So
In this case,
in U which have 2 degrees in graph G. Without loss of generality, we let
Suppose that w 1 , w 2 are non-leaf vertices. Suppose that there is a leaf vertex in U 2 , then one leaf vertex connects two non-leaf vertices. This contradicts that HL n is a Halin graph. So all vertices of U 2 are non-leaf vertices. Then tow vertices of U 2 and w 1 , w 2 will form a 4-cycle, that is to say, non-leaf vertices form a 4-cycle. This contradicts that the tree T of HL n has no cycle.
Hence, there is only one non-leaf vertices in S.
Without loss of generality, we assume that w 1 is a non-leaf vertices. There is one vertex of 
and
Without loss of generality, we assume that
HL n contains a rainbow 3K 2 .
Suppose that 
Without loss of generality, we assume that v 1 v 3 ∈ E(HL n ).
Without loss of generality, we assume that w 2 v 4 ∈ E(G) and let c(w 2 v 4 ) = 7, then c(v 1 v 3 ) ∈ {2, 7}. Now we suppose that there is a vertex u in {v 4 
vertex. Suppose that v 3 is a leaf vertex, then leaf vertex v 3 connects two non-leaf vertices v 1 , w 2 , this contradicts that HL n is a Halin graph. Then v 3 is a non-leaf vertex. We get non-leaf vertices {v 1 , v 3 , w 2 } form a cycle. This contradicts that the tree T of HL n has no cycle.
The proof is complete.
Now, we will show that the exact value of rb(M n , 4K 2 ) for all n ≥ 8. First we give a lemma.
Lemma 2.9. Let G be an edge-colored graph of order n ≥ 8 which contains a rainbow 6-
Proof. We have proved the lower bound in the previous section and here we only consider the upper bound case. Let HL n be a Halin graph with n vertices. Let c be a (n + 3)-edge-coloring of HL n . Clearly, HL n contains a rainbow 3K 2 . Suppose that HL n does not contain any rainbow 4K 2 . Now let G ⊂ HL n be a rainbow spanning subgraph of size n + 3 which contains a 3K 2 .
Since the size of the maximum matching of G is 3, by Lemma , there exists a subset S ⊂ V (G)
Since q = s + n − 6 and s + q ≤ n, then 0 ≤ s ≤ 3. We distinguish the following four cases to finish the proof of the theorem.
In this case, q = n − 6. If a 1 ≤ 3, then |E(G)| ≤ 10 < n + 3(n ≥ 8), a contradiction. So a 1 = 5,
So there are four leaf vertices in V (A 1 ) and the four leaf vertices form a cycle. Since n ≥ 8, this contradicts that HL n is a Halin graph. Then, |E(G)| < 11 = n + 3 for all n ≥ 8, a contradiction.
Hence, a 1 = 7 and a 2 = a 3 = ... = a q = 1.
When n ≥ 10, we get |E(G)| ≤ 2 · 7 − 2 = 12 < n + 3, a contradiction. Then n ≤ 9. When
and the six leaf vertices will form a cycle. since n = 9, the remaining vertices in the graph HL 9 can only be connected to the non-leaf vertices in the A 1 , which contradicts δ (HL n ) = 3.
Then, |E(G)| < 12 = n + 3, a contradiction. Hence, n = 8. Suppose that |E(G)| ≥ 11, then
contains a rainbow C 6 . Since HL n is a connected plane graph, there must be an edge between V (A 1 ) \ V (C 6 ) and V (A 2 ) in HL n . By Lemma , HL n contains a rainbow 4K 2 , a contradiction. Then |E(G)| < 11 = n + 3, a contradiction. .. = a q = 1. Since A 1 is factor-critical,
There is only one non-leaf vertex in V (A 1 ), we get |E G (V (A 1 ), S)| ≤ 1. Hence,
, then there are four leaf vertices in V (A 1 ) and the four leaf vertices form a cycle. Since n ≥ 8, this contradicts that HL n is a Halin graph. Then
There is only one non-leaf vertex in V (A 1 ), we get
In this case, q = s+n−6 = n−4.
Suppose that w 1 w 2 / ∈ E(G). Since |E(G)| = n + 3, there are n + 3 − 1 − (n − 4) − 2 = 4 vertices in V (G) \ S which are adjacent to both w 1 and w 2 . Let this four vertices be v 1 , v 2 , v 3 , v 4
Suppose there is a vertex in U 1 that is a leaf vertex, then there is a leaf vertex in U 1 which is connected to two non-leaf vertices. This contradicts that HL n is a Halin graph. So all of the vertices in U 1 are non-leaf vertices. And any two points in U 1 and non-leaf vertex w 1 , w 2 form a C 4 , this contradicts that the tree T of HL n has no cycle. Hence w 1 w 2 ∈ E(G).
Since |E(G)| = n + 3, there are n + 3 − 1 − 1 − (n − 2) = 3 vertices in V (G) \ S which are adjacent to both w 1 and w 2 . We get d HL n (w 1 ) ≥ 4, d HL n (w 2 ) ≥ 4. Then we get the contradiction form above. Hence |C(G)| = 0. So a 1 = 3 and a 2 = a 3 = ... = a q = 1. Since A 1 is factor-critical,
Then, there is only one leaf vertex in V (A 1 ).
Suppose that there is only one leaf vertex in S and let w 1 be the leaf point in S, then In this case, q = s + n − 6 = n − 3, then |C(G)| = / 0 and a i = 1 for all 1 ≤ i ≤ n − 3. Let
Suppose that there are 3 vertices of U in graph G have the degree of 2. We choose two
.., n − 3), we get that there is one non-leaf vertex in {w 1 , w 3 }. Without loss of generality, we assume that w 1 is a non-leaf vertex. Since
, we get v 1 , v 2 are two non-leaf vertices. Then, v 1 , v 2 and non-leaf vertex w 1 , w 2 form a cycle. This contradicts that the tree T of HL n has no cycle.
Suppose that there are 3 vertices of U in graph G have the degree of 1. Since HL n is a Halin graph and |E(G)| = n + 3, then the degree of 2 vertices in the U is 2 in graph G. Without loss of generality, we assume that
Suppose that there is not only one non-leaf vertex w 2 in S. Without loss of generality, we assume that w 1 is a non-leaf vertex in S. Suppose that v 1 is a leaf vertex, then one leaf vertex v 1 connects two non-leaf vertices w 1 , w 2 . This contradicts that HL n is a Halin graph. Then v 1 is a non-leaf vertex. We get v 1 and two non-leaf vertices w 1 , w 2 will form a cycle. This contradicts that the tree T of HL n has no cycle. So there is only one non-leaf vertex w 2 in S. Since n ≥ 8, this contradicts that HL n is a Halin graph.
that is to say,
, then all of vertices in U 1 and leaf vertices w 1 , w 3 form a cycle. Since n ≥ 8, the remaining vertices in the graph HL n can only be connected to the non-leaf vertex w 2 . This contradicts that δ (
Since
all of vertices in U 1 and w 1 , w 3 , v 4 form a cycle. Since n ≥ 8, the remaining vertices in the graph HL n can only be connected to the non-leaf vertex w 2 . This contradicts that δ (HL n ) = 3. So there are no vertex of U in graph G has degree of 3.
Since HL n is a Halin graph and |E(G)| = n + 3, there are four vertex of U which have 2-degree in graph G. Without loss of generality, we assume that
Suppose that there is not only one non-leaf vertex w 2 in S. Without loss of generality, we assume that w 1 is a non-leaf vertex in S. Suppose that v 1 is a leaf vertex, then v 1 connects non-leaf vertex w 1 , w 2 . This contradicts that HL n is a Halin graph, then v 1 is a non-leaf vertex.
We get v 1 and two non-leaf vertices w 1 , w 2 will form a cycle. This contradicts that the tree T of HL n has no cycle. Then there is only one non-leaf vertex w 2 in S.
Suppose that there is a non-leaf vertex in U 1 , then leaf vertex w 1 or w 3 connects two non-leaf vertices. This contradicts that HL n is a Halin graph. Then all of vertices in U 1 are leaf vertices.
Hence |E HL n (S,U 1 )| ≤ 8 and |E HL n (S,U 2 )| ≤ n − 7.
is a rainbow 3K 2 in HL n , we can get c(e) ∈ {c(w 1 v 1 ), c(w 3 v 3 ), c(w 2 v 4 )}, otherwise HL n contains a rainbow 4K 2 . So {e, w 1 v 2 , w 2 v 3 , w 3 v 4 } is a rainbow 4K 2 in HL n , a contradiction. Hence
form a C 3 . since n ≥ 8, this contradicts that HL n is a Halin graph, we get v 1 v 2 / ∈ E(HL n ). The same reason can be obtained
and v 2 v 4 ∈ E(HL n ). Then all of vertices of U 1 and w 1 , w 3 form a cycle. Since n ≥ 8, the remaining vertices in the graph HL n can only be connected to the non-leaf vertex w 2 . This contradicts that δ (HL n ) = 3. So |E(HL n [U 1 ])| ≤ 1.
Since |E HL n (U 1 ,U 2 )| ≥ Suppose that there is a vertex x in U 2 such that v 3 x ∈ E(HL n ). Since {v 1 v 5 , w 1 w 2 , w 3 v 4 } is a rainbow 3K 2 in HL n , we can get that c(v 3 x) ∈ {c(v 1 v 5 ), c(w 1 w 2 ), c(w 3 v 4 )}, otherwise HL n contains a rainbow 4K 2 . Then {v 3 x, v 1 w 1 , v 2 v 4 , w 2 w 3 } is a rainbow 4K 2 in HL n , a contradiction.
Hence v 3 v i / ∈ E(HL n )(i = 6, ..., n − 2), then v 1 v i ∈ E(HL n )(i = 5, 6, ..., n − 2). So v 1 is a nonleaf vertex. Suppose that v 5 is a leaf vertex, then one leaf vertex connects two non-leaf vertices v 1 , w 2 . This contradicts thatHL n is a Halin graph. Then v 5 is a non-leaf vertex. The non-leaf vertex v 1 , v 5 , w 2 will form a cycle, this contradicts that the tree T of HL n has no cycle. Hence |E(HL n [U 1 ])| = 0. So we get v 2 v 4 / ∈ E(HL n ).
